Introduction
Let p be a prime number and K a non-trivial knot in S 3 which has period p. Then the Alexander polynomial ∆ K (t) of such a knot must have some distinguished properties as Murasugi [3] have revealed.
In this note, we shall show that under a certain assumption on the Alexander polynomial ∆ K (t), it is uniquely determined only by p.
The proof will be done by applying number theory to Murasugi's work [3] on a necessary condition on ∆ K (t) for periodic knots K.
Result
For a knot K in S 3 , we denote by ∆ K (t) ∈ Z[t] the Alexander polynomial of K normalized such that ∆ K (0) = 0 and the leading coefficient of it is positive.
Our main result is the following: Theorem 1. Let p be an odd prime number and K ⊆ S 3 a non-trivial periodic knot of period p. If ∆ K (t) is monic and has degree p − 1, then we have
For the case where degree p − 1 Alexander polynomials of p-periodic knots have general leading coefficients, we will show the following: Theorem 2. Let p be an odd prime number and define Π(p) to be the set of all the p-periodic knots in S 3 whose Alexander polynomial has degree p − 1. Also, for a finite set S of prime numbers which does not contain p, we define the set D(p, S) ⊆ Z[t] to be the collection of all the ∆ K (t)'s such that K ∈ Π(p) and the leading coefficient of ∆ K (t) is prime to the prime numbers outside S. Then D(p, S) is finite and
, where S(Q(ζ p )) denotes the set of all the primes of the p-th cyclotomic field Q(ζ p ) lying over the prime numbers in S.
3. Proof of Theorem 1.
Let T be a transformation of S 3 of order p such that T (K) = K and it acts on K fixed point freely, and we denote by B ⊆ S 3 the set of the fix points of T . Then B is the unknot and the quotient space S 3 /T is homeomorphic to S 3 , and we let K and B be the quotient knots of K and B in S 3 /T , respectively. We write for ∆ K∪B (t, u) ∈ Z[t, u] the two-variable Alexander polynomial of the link K ∪ B with ∆ K∪B (t, u) ∈ tZ[t, u] ∪ uZ[t, u] (Note that ∆ K∪B (t, u) is defined up to ±1). We put λ the linking number of K and B.
It follows from Murasugi [3] that
with a primitive p-th root of unity ζ p . Also, by using Murasugi's congruence [3] ,
for some j ∈ Z, we derive λ = 2 and
, and the leading coefficient of ∆ K (t) is prime to p. Hence we may assume that
Because ∆ K (t) is monic, we see that 
× , then we have
On the other hand, it follows from the second Torres condition (See [4] ) that
Then we find from (2) that a = −1 and
Therefore, if we denote by J ∈ Gal(Q(ζ p )/Q) the complex conjugation, we have
We need the following fact from the theory of cyclotomic fields (see [5, Prop.1.5]):
By Lemma 1 and (5), we obtain
p ε, from which we derive ε = ±ζ r p . Because ∆ K (1) = ±1 and ∆ K (−1) = 0, we conclude that ε = −ζ r p with some r ∈ Z prime to p, and
by (3). Thus we have proved Theorem 1. 
Proof of Theorem 2
We will give the following proposition, from which we can easily derive Theorem 2: Proposition 1. For a finite extension field F/Q, a finite set S of prime numbers, and positive integer m, we define the set P(F, S, m) ⊆ Z[t] to be the collection of ∆ K (t)'s for the knots K in S 3 such that the leading coefficient of ∆ K (t) is prime to the prime numbers outside S, the splitting field Spl(∆ K (t)) of ∆ K (t) over Q is contained in F , and the multiplicity of each zero of ∆ K (t) is at most m. Then P(F, S, m) is finite and we have
where S(F ) and ∞(F ) denote the set of the primes of F lying over the prime numbers in S and that of the archimedean primes of F , respectively.
Proof. Let ∆ K (t) ∈ P(F, S, m). Then we have
for some a ∈ Z which is prime to the prime numbers outside
Let p ∈ S(F ) be any non-archimedean prime of F and v p a p-adic valuation of F . Since aα i is integral over Z and v p (a) = 0, we see
Because the constant term and the leading coefficient of ∆ K (t) are coincide, we have
Therefore we find that v p (α i ) = 0 for 1 ≤ i ≤ d, which means that α i 's are S(F )-units of F .
On the other hand, a(1 − α i ) = a − aα i is also integral over Z, we obtain
from which we derive
Hence 2 Now we will derive Theorem 2 from Proposition 1. Assume K ∈ D(p, S). Then, as the proof of Theorem 1, we find that
for some g(u), h(u) ∈ Z[u], since the leading coefficient of ∆ K (t) is prime to p by p ∈ S and deg ∆ K (t) = p − 1. Hence Spl(∆ K (t)) ⊆ Q(ζ p ) and ∆ K (t) ∈ P(Q(ζ p ), S, 
